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Introduction QCD CHPT

The QCD spectrum — on the lattice
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The QCD spectrum

» the lowest-lying particles in the spectra are well
understood: they would become exactly massless in the
chiral limit of QCD (pseudo Goldstone bosons)
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The QCD spectrum
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understood: they would become exactly massless in the
chiral limit of QCD (pseudo Goldstone bosons)
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understood in terms of chiral symmetry

» the positions of the low-lying resonances is more difficult to
determine and understand



The QCD spectrum

» the lowest-lying particles in the spectra are well
understood: they would become exactly massless in the
chiral limit of QCD (pseudo Goldstone bosons)

» the dynamics of strong interactions at low energy can be
understood in terms of chiral symmetry

» the positions of the low-lying resonances is more difficult to
determine and understand

» they set the limit of validity of the chiral expansion —
on the other hand they can be pinned down quite precisely
thanks to the chiral expansion!
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Introduction QCD CHPT

Systems with spontaneous symmetry breaking

» If a symmetry is spontaneously broken the spectrum
contains massless particles — the Goldstone bosons

» Symmetry constrains the interactions of the Goldstone
bosons — their interactions vanish at low energy

» Green functions contain poles and cuts due to the
exchange of Goldstone bosons — the vertices, on the other
hand, can be expanded in powers of momenta.

The coefficients of this expansion obey symmetry relations

» The effective Lagrangian is a systematic method to
construct this expansion and in a way that respects
these symmetry relations and all the general principles of
quantum field theory Weinberg (79)

» The method leads to predictions
—in some cases to very sharp ones



Introduction QCD CHPT

Quantum Chromodynamics in the chiral limit

u
— . _ . 1
Eg)():D = quiDa. + griPar — ZGZVGWV q= ( d )
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Large global symmetry group:

SU(3)L x SU(3)r x U(1)y x U(1)a

1. U(1)y = baryonic number
. U(1)a is anomalous

SU(3). x SU(3)r = SU(3)v

= Goldstone bosons with the quantum numbers of
pseudoscalar mesons will be generated



Introduction QCD CHPT

Quark masses, chiral expansion
In the real world quarks are not massless:

Locp = ES’%D + L, Lm = —-qMq

my
M = My
Ms

the mass term L, can be considered as a small perturbation =

Expand around ES)%D = Expand in powers of mq



Introduction QCD CHPT

Quark masses, chiral expansion
In the real world quarks are not massless:

EQCD = ESJC):D + Lm, Lm = —qMq
my
M = My
Ms

the mass term L, can be considered as a small perturbation =
Expand around Eg)():D = Expand in powers of mq

Chiral perturbation theory, the low-energy effective theory of
QCD, is a simultaneous expansion in powers of momenta and
quark masses



Introduction QCD CHPT

Quark mass expansion of meson masses
General quark mass expansion for the P particle:

M3 = M + (P|§Ma|P) + O(mj)

For the pion M2 = 0:

M2 = —(my + Mq) =3 (01Ga[0) + O(m )

™

ﬁr\a"_‘

where we have used a Ward identity:

(rlal) = - 25 (0[Gal0) =

™

(0|gq|0) is an order parameter for the chiral spontaneous
Symmetry breaking Gell-Mann, Oakes and Renner (68)



Introduction QCD CHPT

Quark mass expansion of meson masses
Consider the whole pseudoscalar octet:

MZ = (my+mgq)Bo+O(mg)
MZo = (mg+ms)Bo+O(mg)
1
M2 = 3(My +mg + 4ms)Bo + o(m3)



Introduction QCD CHPT

Quark mass expansion of meson masses
Consider the whole pseudoscalar octet:

MZ = (my+mg)Bo+O(m3)

—~~

M2 = Z(my+mg + 4ms)Bg + O(mg)

Wl =

Consequences: (M =(my +mq)/2)
MZ /M2 = (ms+m)/2m = mg/M = 25.9
MZ/MZ = (2ms + rh)/3m = mg/M = 24.3
3M7 = 4MZ — M2 Gell-Mann-Okubo (62)
(0.899 = 0.960) GeV?



Quark mass expansion of meson masses
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CHPT Goldstone th. Eff. Lagrangian ESB Ext. fields

Goldstone theorem
Hamiltonian H symmetric under the group of transformations G:

[Q; are the generators of G]

[QhH]:O i:1,...nG
Ground state not invariant under G, i.e. for some generators X;

Xi|0) # 0

{Qla"'inG} = {Hl7'"7HnH7X17"'7XntnH}



Goldstone th. Eff. Lagrangian ESB Ext. fields

Goldstone theorem

[QHH]:O i:17"'nG ) XI’0>7AO ) HI’0>:O

1. The subset of generators H; which annihilate the vacuum
forms a subalgebra

[Hi, Hi]|0) =0 i,k=1,...n4

2. The spectrum of the theory contains ng — ny massless exci-
tations
X|’0> i:l7...nG—nH

from [X;, H] = O follows that X;|0) is an eigenstate of the Hamil-
tonian with the same eigenvalue as the vacuum



Goldstone th. Eff. Lagrangian ESB Ext. fields

Goldstone theorem

[QHH]:O i:17"'nG ) XI’0>7AO ) HI’0>:O
» X;i|0) are the Goldstone boson states

» the X; are generators of the quotient space G/H

» the Goldstone fields are elements of the space G/H

» their transformation properties under G are fully dictated:

they transform nonlinearly

the dynamics of the Goldstone bosons at low energy is
strongly constrained by symmetry

v



Goldstone th. Eff. Lagrangian ESB Ext. fields

Matrix elements of conserved currents

Goldstone’s theorem also asserts the following:

Take the transition matrix elements between the conserved
currents associated with the generators Q; and the Goldstone
bosons

(013f'|=%(p)) = iF?p"

The ng x (ng — ny) matrix F2 has rank Ngg = ng — Ny

We have introduced the symbol 7 for the Goldstone boson
fields, and will call them “pions”, as in strong interactions. Our
arguments, however, will remain completely general



Goldstone th. Eff. Lagrangian ESB Ext. fields

Pions do not interact at low energy

Current conservation implies

Pyu(m (p1)7*(p2) ... 0ut|3/'|0) = O P“=pr+pz ...
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Goldstone th. Eff. Lagrangian ESB Ext. fields

Pions do not interact at low energy

Current conservation implies

Pu(m®(p1)7®(p2) . .. out|J*|0) =0 p* =pl +ph+

Consider the amplitude for pair creation

(72 (pr)= (p2)outy0) = 3 Ps S~ gy, () 4.

3 a3

Current conserv. = Z F*Vaya,a5(0) = 0 = Va,a,a,(0) = 0
az
Because of Lorentz invariance, the function Va,a,a,(P1, P2, P3)
can only depend on p?, p3, p3: on the mass shell it is always
zero



Pions do not interact at low energy

Now consider the amplitude for three—pion creation from a con-
served current

<7ra17ra 7Ta30ut|JM’0 p Z Fa4Valazasa4(p|)

4 a,
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Goldstone th. Eff. Lagrangian ESB Ext. fields

Pions do not interact at low energy

Now consider the amplitude for three—pion creation from a con-
served current

<7ra17ra 7ra30u'[|\]“’0 p Z Fa4ValazaSa4(p|)

4 a,

Current conservation again implies

Z Fia4Va1a2a3a4(o) =0= Valazasa4(0) =0

In this case the vertex function can depend on two Lorentz
scalars, s, and t, and we can do a Taylor expansion:

1
Va1a2a3a4(pla P2,P3,P4) = Ca,a,a5a,S + Ca1a2a3a4t +...



Low energy expansion

» Symmetry implies that Goldstone bosons do not interact at
low energy
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functions which are due to exchanges of Goldstone bosons
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the coefficients in the Taylor expansion in the momenta
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Goldstone th. Eff. Lagrangian ESB Ext. fields

Low energy expansion

» Symmetry implies that Goldstone bosons do not interact at
low energy

» If we take explicitly into account the poles in the Green
functions which are due to exchanges of Goldstone bosons
we can expand the vertices in powers of momenta

» The symmetry of the system implies also relations among
the coefficients in the Taylor expansion in the momenta

» The effective Lagrangian is a systematic method to
construct this expansion in a way that automatically
respects the symmetry of the system

» Effective Lagrangian for Goldstone Bosons = CHPT

Weinberg (79)



The space G/H for QCD

The choice of a representative element inside each equivalence
class is arbitrary. For example

g =(90,9r) = (L,0rg. ") - (9L, 9L) =: g -h
but also g =(90,9r) = (9L0z™ 1) - (ORr,OR) =: Q' - I
where 9,9’ € G/H and h,h'eH
Action of G on G/H

(VL,VR) - (1,0r0, ") = (VL,VRORG, D)
= (1, VROrO_ V1Y) - (VL VL)



Goldstone th. Eff. Lagrangian ESB Ext. fields

The space G/H for QCD

In the literature the pion fields are usually collected in a matrix—
valued field U, which transforms like

U-=.u' =veuy !

U is nothing but a shorthand notation for (1, gRgL‘l), or its non-
trivial part grg, *

As a matrix U is a member of SU(3), and therefore it can be

written as
U =gl

where ¢2 are the eight pion fields



Goldstone th. Eff. Lagrangian ESB Ext. fields

Construction of the effective Lagrangian

In order to reproduce the low—energy structure of QCD we con-
struct an effective Lagrangian which:

» contains the pion fields as the only degrees of freedom
» is invariant under G
» and expand it in powers of momenta

Lo = f1(U)+f(U)(UTOU)
+ f3(U)(9,UT0"U) +O(p*)

The invariance under transformations U —- U’ = VRUV Tt im-
plies that f; , 3(U) do not depend on U
= f1 is an irrelevant constant and can simply be dropped



Goldstone th. Eff. Lagrangian ESB Ext. fields

Construction of the effective Lagrangian
Using partial integration we end up with

FZ
Lo =Lo+LatLot... Lo=-—(0,U70")

where we have fixed the constant in front of the trace by looking
at the Noether currents of the G symmetry:

F2 F2
VI =i 0, UTD) A =i ({00, U

and comparing the result of the matrix element with the definition

(O|Al|7*(p)) = ip*siF



Goldstone th. Eff. Lagrangian ESB Ext. fields

Some more details

The matrix field U is an exponential of the pion fields =. If we
want fields 7 of canonical dimension, we have to introduce a
dimensional constant in the definition of U:

U = exp {Flﬂrk/\k}

The requirement that the kinetic term of the pion fields is
standard:

1, ianli o
Lin = Ea,ﬂr'a‘%r' implies: F=F

The Lagrangian contains only one coupling constant which is
the pion decay constant



Goldstone th. Eff. Lagrangian ESB Ext. fields

The first prediction: w7 scattering

Isospin invariant amplitude:
M (7372 —7°7%) = 6apcdA(S,1,U) + SacdbaAt,U,S)
+ 5ad 5bcA(u,S,t)

Using the effective Lagrangian above
s
A(S, t, u) — ﬁ

Exercise: calculate it!



Goldstone th. Eff. Lagrangian ESB Ext. fields

CHPT and explicit symmetry breaking?

The effective Lagrangian was constructed in order to
systematically account for symmetry relations.
If the symmetry is explicitly broken can we still use it?

If the symmetry breaking is weak we can make a
perturbative expansion: matrix elements of the symmetry
breaking Lagrangian (or of powers thereof) will appear

Once we know the transformation properties of the
symmetry breaking term, we can use symmetry to
constrain its matrix elements

The effective Lagrangian is still the appropriate tool to be
used if we want to derive systematically all symmetry
relations



Goldstone th. Eff. Lagrangian ESB Ext. fields

Effective Lagrangian with ESB
EQCD — £8CD _ qu
The symmetry breaking term

qMaq = grMaq + h.c.

becomes also chiral invariant if we impose that the quark mass
matrix M transforms according to

M — MI == VRMVE

We can now proceed to construct a chiral invariant effective La-
grangian that includes explicitly the matrix M:

Lo = Lex(U,0U,0%U, ..., M)



Effective Lagrangian with ESB

To first order in M there is only one chiral invariant term which
one can construct:

F2
L8] = 5 [BIMU™) +B*(M*U)]

Strong interactions respect parity = B must be real:

F2B
5] = — (M (U+UT))



Goldstone th. Eff. Lagrangian ESB Ext. fields

Effective Lagrangian with ESB

To first order in M there is only one chiral invariant term which
one can construct:

F2
L8] = 5 [BIMU™) +B*(M*U)]
Strong interactions respect parity = B must be real:

F28
) =

5 (M(U+UY))

Before using this Lagrangian, pin down the constant B:

1, .
B = —=;(0lgal0) M2 = 2B

™



Goldstone th. Eff. Lagrangian ESB Ext. fields

Leading order effective Lagrangian

The complete leading order effective Lagrangian of QCD reads:

Lo = F: [(0,Ut0"U) + (2BM (U + UT))]

F is the pion decay constant in the chiral limit
B is related to the gg—condensate and to the pion mass

M2 = 2B 4 O(M?)



Goldstone th. Eff. Lagrangian ESB Ext. fields

7w scattering to leading order

In the presence of quark masses the nw scattering amplitude
becomes

A(s,t,u) = T Weinberg (66)

7M2
0 T 2 T
ad = =0.16 a=— —0.045
0™ 327F2 0 167F2



External fields

QCD coupled to external fields (M — s):

L =L+ 81" (v, + 15a,)d — G(S — isp)q

Generating functional of Green functions of quark bilinears

<0’Teifd4’<£|0) _ eiZ[v,a,s7p]



External fields

QCD coupled to external fields (M — s):
£ = Lo+ G7* (v, +53,)0 — (s — i75P)a

Generating functional of Green functions of quark bilinears
<0]Teifd4XL|O> _ eiZ[v,a,s,p] — Nfl /[dU]eifd‘leeﬁ

External fields in Let = £2(U, Vv, a,s,p) + L4(U,v,a,s,p) + ...

FZ
Lr=— [<DMUTD“U> Uyt Xu*)]
D,U=90,U—ir,U+iUl,  x=2B(s+ip) (rul.)=v.ta,

Gasser, Leutwyler (84)



The chiral Lagrangian to higher orders

Lo =Lo+Ls+Lg+...

L, contains (2,2) constants
L4 contains (7,10) constants Gasser, Leutwyler (84)
Le contains (53,90) constants Bijnens, GC, Ecker (99)

The number in parentheses are for an SU(N) theory with
N = (2,3)



The £4 Lagrangian

Ly = Li(D,UD*U)? 4 L,(D,U'D,U)(D*UTD"U)
+L3(D,UTD*UD,UTD"U) + L4(D,UTD U)(x'U + xUT)
+Ls(D,UTD*U(xTU + UTx)) + Le(xTU + xUT)?
+L7(xTU — xUN) 2 + Lg(xTUxTU + xUTyUT)
—iLg(FL'D,UD,U" + F/"D,U'D,U)

+L10(UTFE UFL )
b,U = 9J,U—ir,U+iul, x=2B(s+ip)
FLY = 0"tV —=art —i[r*,r"]

e = Vy+a, =V, —a,



Summary

Summary

» | have discussed Goldstone’s theorem and some of its
physical implications at low energy

» The effective Lagrangian for Goldstone bosons is a tool to
derive systematically the consequences of the symmetry
on their interactions — | have discussed the principles that
allow one to construct it

» The effective Lagrangian is useful also in the presence of a
(small) explicit symmetry breaking — | have shown how to
construct it even in this case

» | have emphasized the importance of the external fields in
formulating the effective Lagrangian method



Transformation properties of pions m; = 0?

Transformation properties of the pions
The pion fields transform according to a representation of G

-

geG:7#—7 =1(g,7)

where f has to obey the composition law

— — —

f(91,f(92, 7)) = (9192, 7)

—

Consider the image of the origin f(g,0): the elements which
leave the origin invariant form a subgroup — the conserved sub-
group H .

f(gh,0) coincides with f(g,0) foreachg € Gand h € H = the
function f maps elements of G/H onto the space of pion fields



Transformation properties of pions m; = 0?

Transformation properties of the pions
The pion fields transform according to a representation of G

-

geG:7#—7 =1(g,7)

where f has to obey the composition law

— — —

f(91,f(92, 7)) = (9192, 7)

The mapping is invertible: f(g;,0) = f(g,, 0) implies g1g;* € H
= pions can be identified with elements of G/H



Action of G on G/H

Two elements of G, g; » are identified with the same element of
G/H if

019, ' € H
Let us call g; the elements of G/H
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Action of G on G/H

Two elements of G, g; » are identified with the same element of
G/H if

019, ' € H
Let us call g; the elements of G/H

The action of G on G/H is given by
gd: = gzh where h(g,d;) € H

The transformation properties of the coordinates of G/H under
the action of G are nonlinear (h is in general a nonlinear function
of g, and g)



Transformation properties of pions my = 0?

Higher order chiral corrections

Mass formulae to second order Gasser-Leutwyler (85)

Mg ms + M 2
UK AL E PN m }
s o [1+ A+ O(m?)

M2, — M2 my —m

K = DA 14 Ay + O(m?)]

M2 — M2 ms—m L+ Am+Oom)
8(M2 — M2)

Ay = K|:72(2L8 — Ls) + x-logs

s

The same O(m) correction appears in both ratios
= this double ratio is free from O(m) corrections

2 2 2 2 &2
:MK Mg —Mz mg-—m
= M2 M2 2 T m2 2

Mz MKO—MK+ mg — mg

Q2

[1 + O(mz)]



Transformation properties of pions my = 0?

Higher order chiral corrections

Mass formulae to second order Gasser-Leutwyler (85)

M2 Mg + M 2
UK AL E N m }
s o |1+ A+ O(m?)

M2, — M2 my —m

O = AR Ay + O(m?)]

M2 — M2 me—m L+ Am+Om)
8(M2 — M?

Ay = (KFZW)(ZLB — Ls) + x-logs

s

The same O(m) correction appears in both ratios
= this double ratio is free from O(m) and em corrections

(M2, +MZ, — M2, + MZ))(MZ, + MZ, — M2, — MZ2))

Q2
° AMZ,(MZ, — M2, + M2, — M)

=242




Transformation properties of pions my = 0?

Leutwyler’s ellipse
Leutwyler observed that the information on Q amounts to an
elliptic constraint in the plane of the two mass ratios ¢ and v

ms\2 1 my 2_1
<md> Qz+(md> -

20— ,

25

15— ,

EU
=
10— |
— Qy=242
e Weinberg (77
" |— Q=226+08
00 0‘.2 E‘)A O‘.6 0‘.8 1

mu/m 4



Transformation properties of pions my = 0?

Kaplan-Manohar ambiguity

Phenomenological information alone does not allow one
tO f|X bOth mass ratiOS Kaplan-Manohar (86)

» The quark mass matrix M transforms like (M*)~! det(M)

» The chiral Lagrangian with only v and a external fields
is invariant under

m;, = aimy + axMgms (andu —d — s)
B/ = B/Oél
042F2

L = Lg— =

6 6« = 320,B
L,7 = L7 —
Ly = Lg+ 2« butQ'=Q!

» Phenomenology alone cannot exclude m, =0

which would solve the strong CP-problem



Transformation properties of pions my = 0?

The weird world with my, =0

mostly Leutwyler's arguments

» The KM ambiguity is not a symmetry of QCD

(my +mg)(0|dirsu|n™) = V2F,M2,

This relation is not invariant under a KM transformation
Lattice QCD calculations can settle the issue

» If my = 0aLO xPT prediction would be wrong by a factor 4

M2, - M2, = Bomg — AMZ, if my =0 2MZ, — M2,
4.0-1073GeV? = 17 - 10 3GeV?

» There would be very strong flavour violations
(KF|Gu —dd|KT) = Sk (t) (xF|0u —Ss|rT) = S,+(t)

0 0 0 0
S (0) = <8mu 8md> Mic: Sr+(0) = <8mu a 8m3> Mz




Transformation properties of pions my = 0?

The weird world with my, =0

mostly Leutwyler's arguments

» The KM ambiguity is not a symmetry of QCD

(my +mg)(0|dirsu|n™) = V2F,M2,

This relation is not invariant under a KM transformation
Lattice QCD calculations can settle the issue

» If my = 0aLO xPT prediction would be wrong by a factor 4

M2, - M2, = Bomg — AMZ, if my =0 2MZ, — M2,
4.0-1073GeV? = 17 - 10 3GeV?

» There would be very strong flavour violations

(K*|Gu — dd[K*) = Sk (t) (at]du — Ss|r™) = S, (t)

2
SK+(O) ms - mu M}%O - M|%+ 2 |f mu:O
= = 1+O(m ~ 0.3
S»+(0) Mg — My Méo — |\/|72r+ ( (%))
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